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l. I ntroduction.

When describing the systems, irrespective of specific peculiarities of the case
being conddered and the concrete Stuation, we imagine them as a multitude of
interrdlated  condtituents, aspects, parameters, processes, dages, deveopments, efc.
affecting each other. Let us cdl these component parts system «condituents». The
systemic approach means that the invedtigated «object» is conddered as a single whole
where every «condituent» interacts with the other ones affecting them and being liable
to the reciprocd direct or indirect impact. This interacion may be in a form of
indantaneous impact of the sysem «condituents» on esch other, and then the relevant
interdependence is described by dgebraic or differentid equaions. However, if there is
a time delay between the impact of one «condituent» on the other and the feedback to
the impact, then the interdependence is described by difference equations.

Thus the presence of feedbacks between the system «condituents» is described
usng a sysem of ordinary or (and) difference dgebraic or (and) differentid equations.
We can assert t he oppogdite as wdll:

If the system dynamics equations contain the parameters relating to different
«constituents» systems, then the availability of such mathematical dependencies implies
the existence of feedback between these «constituents»,

The way of description of systems offered below may be referred to the class of
«sygem dynamics» modds, as the principa parameters are interrdlated by the system of
differentid equations. However, our gpproach has one didinction from the usudly
conddered modds of this caegory. The didinction is as fdlows the introduced
parameters characterizing the sysem development are not the vaues to be directly
observed. They may be regarded as indicators generdly describing the key line and the
tendencies of development of the system on the whole. Our goproach may be cdled an
abdract gpproach, for it may be goplied for the most systems aisng spontaneoudy in
nature and in the society, irrespective of any specific features of therr dructure. In terms
of this goproach the feedback between the «condituents» of a paticular system is
mathematicdly expressad as a congruence of definitiond domains of abdract vaues
and interrdation of these vaues by differentid equations. These vaues, being abdract
indicators of the dae of the sysem beng consdered, were designaed as the
«potential» and the «conditions of redization.

Tdking of the date of a sysem one often uses the teems “system potentid” and
“conditions of redization (or reesse!) of this potentid”. Andyzing, for example the
gpoecific features of dynamics of different sysems, one often Sates that “the potential”
of a paticular sysem is gregter than of some other one, or one compares the “conditions



for rdlease of the potentid” in different sysems. This way one assumes implicitly thet:
1) “the potentid” and “the conditions’ may be regarded as some numericd vaues 2)
these vaues characterize the date of system at the utmost abdtract level 3) these vaues
may be obtained by some procedure of system information processng.

A quedion aises is it possble to build a modd of sysem deveopment on the
bass of excdlusvely of these two abdract vaues? This is what we have tried to do in this
paper. We are not aware if such attempts have been made before. Our object was to
reved such peculiarities of sysem dynamics that can be found a this very abdtract leve
of description.

It is known tha the tems “potentid” and “conditions of redization” ae the
caegories of didecticd logic and ae connected with each other by a complicated
sysem of interrdations [2], [4]. We have tried to destribe this logicd interrdlaion using
the mahematicad methods. Here we have podulated a number of assumptions that
express the sense of the offered terms.

Statement 1. Let r be “potentid”, u - “conditions for redization”,
{01,0,,..,Qx} - @ set of registered system parameters that affect the abstract velues r
and u . Proceeding from the sense of the terms introduced, any change in the
“conditions of redization” entals the change of the sysem “potentid”, that is, the
vdues F and u ae interdated. There cannot be a Stuation when one of the vaues
changes, while the other days as it was This interrdaion of the vdues ¢ and u
means tha no parameters exig that would affect only one vdue (r or u ). Thee
logical assumptions can be formalized in the form of the following Satement:

Theabstract values ¢ and u arethe functions of parameters {q,,q,,...,qy } :
U=U(0,0p0y); F = F(0 00 Oy). 0

The congruence of the definitiond doman of these functions is the
meathematical expresson of interdependence of the respective terms.

Statement 2. The regigered parameters ae the syssem daa we have. For
example, conddering “a company” as a certain sysem we single out such parameters of
this sysem as “the number of workers’, “the company’s assets’, “the volume of
operations’, “the dept to other companies’, eic. Each of these parameters somehow
influences the vaues of “the conditions’ and “the potentid”. This influence may be
postive if the parameter growth results in the growth of ¢ and (or) u , however it may
be negative if the parameter growth is accompanied by the decrease of ¢ and (or) u .
In the aove example the company’s “potentid” grows with the growth of the
“company’s as=ts’, but the increase in the “amount of dept” lowers this “potential”. Let
us poe a quedion: does the growth of “assets’ dways mean the increase in the
“potentid”, and the growth of “dept” — its reduction? We are gpt to answer this question
podtively: yes it is dways 0, with the excduson of seved nondandard Stuations.
The same is true fore the other parameters — each of them affects the vdues ¢ and u
in quite certain way, expands or reduces them.

The mathematical expression of this fact is the monotony of functions
U =U(0y,9p,...,qy ) @d F = F(a, dp,...,qy ) for each argument. (B)

Statement 3. The function of “potentid” may be performed by any function of
registered parameters that shows correctly the character of effect of these parameters on
the “potentid” vadue Let us condder the space of these registered parameters
{0,,0,,-...qy} . The surfaces of the fixed “potentia” (“equipotential surfaces’) are set by



equations F(g;,d,,....qy) =Const in it These equations express mathematicaly the
way of dfecting the “potentid” vaue by particular paameters. They describe the
mechanism, which makes the effect of one parameter be compensated by the effect of
another one, having the potentid vaue condat. That is why the equation
F(0h,0p,-...qy) =Const demongrates the manner of connection of abstract vaue r
with the registered sysem parameters. However, the numerica vaue of r  as such may
be different. It is just important for it to be the same for dl the points of surface
F(0:,9,,....Qn ) =Const. Let F(0;,05,...0nv) be a fundion showing correctly the
impact of the regidraed parameters on the “potentid” vaue. Then every non-
decreasing function Y(F) will have the same property. For that reason the choice of
function, which is mathematica expression of «qotentia», is not ambiguous.

It means that the shift from the registered system parameters to the abstract
value r is specified only to within the functional transformation F b Y (F), where
Y (F) isan arbitrary non-decreasing function of r . ©)

This ambiguity lets us choose the function F(g;,qp,...,qy) 0 @ to smplify the
type of functiond dependence to the maximum extent. Let us condder, for example, a
sysem described by paameters g, and q,. Let the sysem “potentid” be a drictly

increesing function of these paameters. It is supposed that the impact (on the
“potentid” value) caused by decrease of one parameter twofold may be compensated by
the increese of the other one thregfold. It is evident that any non-decreesing function of

agument Q° g, X, & a “potentid” may be teken. It might be, as an example, the
function Q™ (n>0) or a® (a>0). However, it is more convenient to use the smplest
verson of functiond dependence, being function F(Q)=Q in this example. The choce
isarbitrary and is accounted for by the consderations of Smplication of caculations.

After we have identified the type of function F(q,,qs....qy), We just have to
determine what kind of «potentid” we condder to be sngula. The linear
trandformation does not change the type of functiond dependence. Let us choose the
linear trandformation Y(F):mXF Las g =0,=..=0q, =1 “potentid” were equd to
a uwity Flg=2%q,=1...9y=2° Y(F)o mxF(q, =%q,=2%...;qy =1)=1. This
way we shdl identify the unit of measurement for the “ potentia”.

The “conditions’ and the “potentid” ae interdaed and, as will be shown
beow, this ratio is mahemdicaly described by the sysem of differentid equations.
Thus by defining the form of functiond dependence and “potentid’s’  unit of
measurement, we determine the form of functiona dependence and unit of measurement
for the “conditions’. This means that the condiion F(g, =1,¢, =1..,qy =1)=1, by
which we remove the ambiguity of “potentid’s’ function choice, is dso a condition for
the unequivoca choice of “conditions’ function.

Statement 4. Let us introduce a new important term. Let us consider that
depending on the number of “conditions’ exiting a that moment the sysem “potentid”
is redized ather in full or in pat. The redizable in a unit of time portion of the
“potentia” will be denoted asF , .

Thefollowing ratiowill becdled “therealization ratio”:
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We dhould make some comments to this definition. We dhdl desgnaie the
system “potentid” release process as the “activity”. The “activity is the way of
manifestation and the form of existence of the redizable “potentid”. The redizable
“potentid”  shows itsdf through the “activity” and exigs only in the process of
“activity”. We judge of the vdue of redizable “potentid” by the extent of its
manifedtation through the “activity”. For example, the “enterprise activity” is a process
of ussful functioning of dl of its component sections and is formed of the workers
“labor activity”, the efficient operation of production fecilities, the “managerid activity”
on the pat of adminidraion, etc. The “activity” may be more or less intensve,
depending on the “conditions’ of its efficient redization. This enables us to specify the
sense of the definition (1). The “redization reio” shows which portion of the potentid
activity is represented by its redized pat. If we define the “activity redized during the
time Dt” as A (Dt), and the maximum possble “adtivity” thet could be redlized during
thistime as A([I) then the “redization ratio” is as follows:

Ax (D1) )
Di® 0 A(Dt) - @)

The formulas (1) and (1*) are congruent in case of Fg :Dltig]o ARD(tDt) and

F= [I)Eéno%. For that reason the “potentid” may be defined as the intendty of the

“activity” or, which is the same, as the amount of «activity” that is redized (Fg) or may
beredized (F ) inaunit of time.

Proceeding from the sense of the terms introduced we shdl podtulate that “the
redization ratio” is afunction of “potentid” and “conditions’.

That is, the dependence of “ realization ratio” on the parameters {q,,q,,...,q }
is expressed in the form:

k(ql!qz""!qN)=k(U(ql’q27'"!qN )1F(q1’q2!"'1qN))' (D)
We shdl podulate dso the following properties of this function that reflect the
logicd interrelation of the terms earlier introduced:

1. There is an “optimd” number of “conditions’ far any vaue of “potentid”,
where the full redization of the system “potentid” is achieved. That is,

"F,$U0:k(F,U0)=1. (@)
2. The gregter the “potentid” the more “conditions’ are needed for its full
reelization, that is, U,,(F) - isastrictly increasing function. (12)
3.Having U * U,; 0<k(U,F)<1. (1.3)
4. Having U® 0; k(U,F)® 0, a nonzero “conditions’ are necessary for the
redization of sysem “potentia”. (14

5. If the number of “conditions’ is over the “optimd” U,, then the system
“potential” is reglized only in part. Having U ® ¥ ; k(U,F)® m; where m - then the
least limit value that tekes up the “redlization ratio” in case of excess of avaladle
conditions. (1.5



Statement 5. The “potentid” dynamics is govened by the fdlowing
peculiarities:

The process of realization of “potential” results in the growth of those
potentialities of the system that are being realized in this process and in decrease of all
the other non-realized potentialities. B)

This lav governs, for example, the abilities of living crestures the abilities that
ae used grow with time, while the &bilities that ae not exploited get arophied.
Another example a company that functions grows and develops, while the company
that has been stopped gets ruined. This principle reflects the very essence of life only
this thing grows that was able (took efforts) to grow.

Let usintroduce the follow denotations:
dt oeo Dt dt oDw®o Dt

Let DF be the change of vadue of “potentid” during Dt. This vdue condsts of
increment of redizable potencies DF, and diminution of unredizable potendes DF .

Let us denote the momentary increment (in a unit of time) of redizable potencies of a
sysem F, ° lim DF, , ad the momettary diminuion (in a unit of time) of

D@0 Dt
unredizable potencies as F. °© DIti(gn0 % (both vaues are pogtivel). Then the complete
change of vaue of ”potentid” in a unit of timeis equd:
F=F-F @

It is evident that the more potencies we can redize the greater “potentid”
increment will be, that is the vaue r, is a drictly incressing function of the redizable
“potentid” vadue. And on the contrary, the grester is the unredized portion of the
“potentid” the grester is the diminution of unredized “potendies’ .. Let us limit
oursadves to the consderation of a smplest case of linear drictly increesing functions:
F.(Fe) and F (F- Fy).

F.zgRXFR-gD>(F-FR); ®

9r>0;0,>0. @

Let a°gp; bo1+3r ©
9

Pacing (1) in (3) we shdl dbtain the key equation of “potential” dynamics as
alinear approximation:
F=afox(U.F)-1)% | ©)
Statement 6. The number of “conditions’ changes due to two reasons

1) The “ potential” realization process is a process of consumption of available
“conditions’” and creation of new ones.

2) If the “ potential” of a system is not realized the number of “ conditions’
available in the system decreases. ()

The latter assumption is connected with the universal physical principle of
growth of entropy of systems in which only naturd mechaniams are in force The



growth of entropy, as is wdl known, illugrates the process of digresson of the leve of
organization and orderliness of the sysem left on its own. This way, as an example, the

abandoned houses decay and collapse, the fidds not cultiveted get overgrown with
weeds, €tc.

Let DU be the change of vaue of “conditions’ during Dt. This vaue condsts
of two pats the change due to the process of redization (“crestion” minus
“consumption”: DU, - DU ) and the change due to the gowth of the system entropy.

Let us condder the firg pat. The more is the “potentid” system redizable in a
unit of time the obvioudy gredter is the momentary increment of “conditions’ in a unit

o + o o
of time (U, Ellggz) - ) and ther expenditure (U. El)ggz) - ). Asauming the
linearity of interdaions again, we dhdl derive the fird pat of the “condition
equation”:

U, =U, -U_=xxF, - yxF, =nxk(U,F)x ; @
N=x-vy, )]
x>0; y>0. 8.1

The second pat of the “conditions equation” describes the decrease in the
number of “conditions’ due to naturd processes of the system disorganization. The
more is the avalade number of “conditions’ the more is ther loss in a unit of time.
Being redtricted again by smplest case of linear dependence, we get the following:

U,=-1U; ©)

| >0. 9.1

Adding (7) and (9) we get to the “conditions’ dynamics equation as a linear
approximation:

U =n %(U,F)xF - | U (10)

Equations (6) and (10) describe the evolution of the sysem as a process of
changing its “potentid” and “conditions of redization”. Let us cdl them the “evolution
equations’. These represent non-linear firg-order differentid eguations, which incdude
the unknown subddiary function — “redization ratio” that has some known functiond
properties (1.1)-(1.5). This function shows the specific reection of the sysem to the lack
or aundance of “conditions’ in it. Due to the presence of the unknown function in the
“evolution equations’ it is impossble to geat a drict andyticd solution of this sysem of
eguations. However, knowing the functiond properties of this function, it is possble to
andyze the characterisic features of the solutions quditatively. The andyss results in a
number of interesting condusions:

1. It follows from the equations (6) and (10) thet the “redization ratio” does not
depend on the choice of measurement units for abdract vaues r and u . Let us
condder the “scding” trandormation of functionsr and u (FP mx; UbP mU),

describing the change of unit of messurement for the “potentid” and the “conditions’.
Here the left portions of the equations (6) and (10) ae transformed in the following

obvious way: Fb md¥ & U b mdJ, which would only be posshle if the “redization
ratio” does not depend on .

This means that the “ realization ratio” is a function of “ conditions to potential

ratio”: k(U,F)° k&2o k(). ©)
eF g



2. We may buld a dasdfication of possble “options of devdopment” of
sysem. The dasdfication shows the character of change of (growth or diminution) of
the three basc factors of the sysem: “potentid”, “conditions’ and “conditions to
potentid ratio”. 1) The increase or decrease of the “potentid” evidences the “progress’
or “regress’ in the sysem devdopment. 2) The increese or decresse of the
“conditions’ characterizes the “effectivity” of development (the devdopment is
“efficient” if the “potentid system” redization does not result in decresse of
“conditions’ in it). 3) Findly, the “conditions to potentid ratio” charecterizes the extent
of avalable of “conditions’ for the “potentid” (quantity “conditions’ per the unit
“potentid”). If this vdue does not diminish we tdk dout the “intensive
development”. Thus for example the devdopment with the growing “potentid” and
“conditions’, though with decrescent ratio of the second aspect to the fird one is
classfied as an “effective extensve progress’. In this classfication 6 options of system
dynamics ae possble The “effective extendve regress’ as wdl as “ineffective
intendve progress’ is not possble due to mahematicd conjunction of indices
underlying the dassfication. The dassification of “development options’ is given in
Tablel.

3. Equation (6) and (10) incdude numericd parameters a;bn;l characterizing
abgract properties of the system. The andyds of the egquations shows that, having the
same vdues of these paameters, different versons of development of the system ae
posshle, as a rule. In other words, sdting the parameters of a system is not equa to
identifying the peculiarities of its dynamics. The paticular “option of deveopment”
depends on the “conditions to potentid ratio” a the sart time. One and the same system
may develop according to the “effective progress’ option or “ineffective regress’ option
depending on the extent of avaldbility of proper “conditions’ for the “potentid” a the
dart time.

4. Depending on the observance of a number of corrddions between the
parameters a;b;n;l ad m (15) and the choice of function k(U,F), al the systems
may be divided into groups (or types) with identicd factors (properties) of development.
The dasdfication of sysems built on the basis of such divison is discussed in CLIV.
Figures 8.1-8.9 illustrae some interesing peculiarities of devdopment of the different
types of sysem.

5. We may introduce the notion of “area of development” as an area of
admissble vaues of “conditions to potentid ratio”. Thus we can see tha normdly
sverd “aess of devdopment” exit for every type of sysem and the sysem will
develop within the “ared’ where it was at the dart time. This means that availability of
proper “conditions’ for the “potentid” will be confined by the limit vaues for this “area
of devedlopment”.

6. Let us consder the follow smple example. Let g, and ¢, are parameters of
“condituents’ of particua sysem. Let us condder the case of interaction of
“condituents” in a form of ingantaneous impact of this «condituents» on each other.
The existence of such feedback between these «congtituents» meansthat:

1) rdations q, =Q,(q,; p) ad g, =Q,(q,; p) eist (p is the vector of the
other parameters of system);

2) functions q, = Ql(QZ (Ch; b); p): 61(%) ad g, = Qz( 1(Q2; ﬁ); K’)) = (52 (Q2)
are not identities.



Let interelation U =F (F) is deduced on the bass of equations (6) and (10).
Let usrddion @, :Ql(qz;U) is deduced on the basis of dependence U =U(0ﬂ,q2) and
relation g, = Q,(0y; F) is deduced on the basis of dependence F = F(qy,q,). If the

functions U(qy;q,) and U(gy;a,)° F(F(a;q,)) ae different functions then formulas

0, =Q,(Q,(a;F);U) ad g, =Q,(Q(q,;U);F) ae not identities and consequently
feedback between the «condituents» of system exig.
In generdly, in terms of our approach the feedback between the «condituents»

g ad qgof a paticular sysem is mathematicdly expresssd by means of the follow
two gatements.
1) abstract vdues U and F are functions of parameters g; ad g, ;

1 WVa

2) determinant of Y akobi’ matriX'tﬂqi fact does not equal to zero,
IF gEy TEEEEDED
fT0;  Tap

Thee, as wdl as many other interesting peculiarities of sysem dynamics may
be conveniently illusrated usng the charts depicting the possble “options of system
development” in the form of directed curves within the parameter plane (u ,F)
(“potentid” (abscissa axis) — “conditions’ (ordinae axis)). The devdopment of the
sytem is shown as a curve (u (t),F(t)) (“evolution curves’) with each point

corresponding to the daie of the system a a paticular moment of time (for example
Fig. 8.1-8.9).

[I. Theanalysisof solutions of “evolution equations’.

Let usintroduce:
o = 11
y® £ (W)

Usng daement (F) and “evolution eguatiions’ (6) and (10), we get the
following equation relativeto varigble y :

Yo U F'_k an 0
2o — . _ =k(y)=- axbz+(a-1). (12
y U E gy eesrenl)
Solution of this equetion is fallowing:
\ dy

= Const -1 )%, 13
Oy, . onst, +(a- 1) (13)
ea-1l g

The equations for functions U (y) & F(y) may beintegrated like this
gmk(y)_ ey

N e Yy u )
LnU (y) + Const, = O aby) )+ a1y (14




. [bx(y)- 1=axdy
LnF(y)+ Const, = .
)+ const = Qe ey (y)+ - 1)y
The condant present in the formulas (14) and (15) is identified by the initid
“date’ of the system.

Let usintroduce the following subsidiary functions
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P (v)° (n- aby)(y)+(@- 1)xy; (16)
P-(y)° bxly)- L; @7
Fb(y)f’nx@-l- (18
Using these functions, we can rewrite “evolution equations’ and (12) as:
F=axf:(y)xF; (6.1
U=prR(y)U; (10.1)
y=R(y). (121)

It is obvioudy that functions F(t) and P-(y), U(t) ad R, (y). y(t) ad R (y)
have Smilar (pogtive or negative) Sgn.

It is not difficult to see that:

R(y)° yx(R, (y)- axF:(y). (19)

If y® 0,then R, (y)- axP:(y)® a- | +nx40).

Then solution (13) — (15) can be represented in the following form:

(2 I)>@|y=Const1+(a- | )% (20)
Ry
R, (y)>dy
LnU(y)+ Const, = &y (242)
W * YR
Pe (y) xady
LnF(y)+ Const, = &y 2
(v)+ Consty = 60 1 ez)
As can be seen from equation (20), if t® +¥ ,then Y® V. where W) isthe
root of equation: R, (y)° yX{R, (y)- axP: (y))=0. <)

If k4o)o Ii®n(1]k¢(y)1 ¥, then y=0 is the root of eguation (23). The remaining
Y
roots of the equation (23) comply with the ratio:
(a- 1 )=y
kly)=———"— 24
) aby- n @9
Let WO =0<yM <y{? <. <yM) ae roots of equation (23) and let y(0) is

a rdio of quantity of «conditions’ to vaue of “potentid” & a sat moment of time. It
folows from the equation (20) that the whole “higory” of sysem deveopment tekes



place indde the domain: YWY <y<yl) where y{'Y and y{) ae two roots of
equation (23) being “the doses” to vaue y(0): W'Y < y(0)<y{"”. We denoted the
domains W <y<yll: i=12...M as the “areas of development” (Fig.5). Each
“aea of devdopmet” hes a coresponding portion of plane (u.r), retricted by
graght lines U, ,(F)=y{YsF and U(F)=y{)sF . As far as the “aess of
development” ae domans of termconstancy of function PY(y), the character of

monotony of fundtion y(t) within the “area of development” cannot change (formula
(12.1)): the function y(t) dgther grows or diminishes So the “evolution curves’
(u (t),F(t)) of every “aea of devdopment” ae directed from one right line to the
other: dither from U, ,(F)=y{™) % to U,(F)=y) ¥ or vice versa In the first case
the raio of the number of “conditions’ to the “potentid” vadue grows tending to
goproach the limit vaue y{"), and in the second case it diminishes tending to approach
the limit vaue y{'" Y (Fig.6-7).

Each “evolution curve’ is a solution of “evolution equations’ (6), (10). The
“area of devdopment” of sysem coincides with the “area of development” in which the
sytem wes a the dat time. As the solution of “evolution eguations’ (20) — (22)
depends only on the vaidble y and the system parameters a;b;n;l , the solutions
pertaining to one and the same “aea of devdopment” are different only by the some
multiplier whose vaue depends on the difference of origind vdues U and F and (or)
the shift of the countdown gartup. The characteridtic peculiarities of solutions for one

and the same “area of development” are identical.
According to (6.1), (10.1), (121) the following is congruent for al solutions

within one “area of development”: 1) zeros of functions F(t) and U(t) (or P-(Y) and
R, (Y)); 2) domains of term-constancy of these functions.

This enables us to introduce the notion of “ option of development” as a totality
of functions U(t), F(t) and y{t) monotony properties.

Each “option of development” is characterized by signs of three vaues Y(t),
U(t) ad F(t).

Let us dencte the following desgnaions The “aea of deveopment” being
consdered will be denoted & W, (WP <y<yl)) the totdity of “aress of
development” will be denoted as W={W,;..;W,, }, the “option of development’ with
growing functions y(t), U(t) and F(t) will be denoted a8 X, , . © X__ (Y isthe
fird, U is the second, and F is the third index in the dl formulas of this paper). The
higory of sysem’'s evolution may have severd dages, each having its own specific
“option of development”.

For detailed description of the system evolution it is necessary to specify the
“area of development” and the aggregate of “ options of development” , corresponding
to the stages of evolution.

Say, the evolution consisting of two Stages where a the first stage U (t), F(t)
and y(t) incresse, and a the second stage U(t) and yt) incresse, while F(t)
decreases, is described by a sat consigting of two “options’: X___ and X__-.
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The “type of evdution” is prescribed by specifying the “ area of development”
and the ordered set of “ options of development” for the given “ domain” .

Let us consder in more detall the mathemdica conditions that determine the
“area of development” of a sysem. These are the conditions of function R, (y) term

congdtancy.

If PY(y)>0, then the evolution curves of respective “area of development”
comprise “options of development” with increesing function y(t): X__; X_.- ad
X_.—. Evolution curves are directed “counter-clockwise” if we proceed from the plane
coordinates (u ,F) origin (Fig.5).

If R (y)<O0, then function y(t) decresse and the evolution curves are directed
«clockwisg” (Fig.5). In this case the development may teke place as three “options’:
Xe p Xe—; X= .

The “options of devdopment” X - ; X-- ae impossble due to identity:

[o]

Uu F
U F’

For that reason there are exactly 6 “options of development”: X ; X -;
X —; X—_; X—; X-__. Classfication of these basc “options’ is represented in
Tablel.

Theplane (u.F) is spit into several “aress of development”, with each having a

gpecific Sgn (podtive or negative) of funciion PY(y). The “areas’ having one common
border have different respective function R,(y) signs. In the “areas’ R,(y)>0 the

evolution curves are aimed a the top border of the “arel, in the “aress’ R (y)<O0 -

they are directed to the bottom border of the “ared’. For that reason the “ared’ borders
ae the lines to which the evolution curves tend to converge or from which they

disperse. In the “areas’ R,(y)>0 the top border is the “line of convergence’ of
evolution curves, while the bottom border is the “line of dispersion” (Fig.7). With time
dl the evolution curves line up dong the “convergence lines’, that is, dong certan
directions of the plane (u ,F). The “convergence lines’ and “disperson lines’ dternate.
Each line is prescribed a certain vaue y. The value y,, © Jlim y(t) - isthe vaue y for

the “convergence lines’, while the vdue vy, ° limy(t) - is the vdue y for
t®-¥

“disperson lines’ of evolution curves.
The sat of sysems having the different vaues y a dat time transforms during

the time into the set of systems having only some certain vaues y. Consequently the
iniid disordered  distribution of systems on the plane (u.r) transforms into the
ordered didribution of sysems on severd groups with certan vaues y. We can

condder this property of evolution as one from many possble form of creation of order
out chaos The problem of sdf-organization of systems in evolution process is broadly
discussed in modern literature (see for example, [3], [5]{8], [11]). Our approach dlows
connecting sAf-organization with universd principles of evolution.

The vdues y possble for every “aed’ ae in accord with one of the

inequations 1) y, <y<y, for “aeas’ PY(y)>0 ad?2 vy, <y<y, for “aresas’
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R (y)<0. The “aress’ of the first type will be denoted as W*, and the “areas’ of the
second time s W . The limit values 'y, and y,, for these “areas’ will be denoted as
y_¥(\Af); y_¥(W ); YViy (V\F) y+¥(W). The “aess’ having the common border are,
probably, the “areas’ of different types W™ and W . It is not hard to see that for the
bordering “arees’ one of the equations holds true: 1) either 'y, (W*)° y (W ); 2) or
Yex (\Af)o Yix (W ) In the first case the border is a “dispersion lin€”, in the second case

it is the “convergence ling’ of evolution curves. We may formulate a ample rule setting
the“status’ of the border.

The top border of “areas” W isthe“ dispersion line”, the bottom border isthe
“line of convergence” . And contrary for the “ areas” W' .

Let W={W,;..;W,,} be a st of “aeas of development’ for a system. Two
options of dtenaing of function PY(y) rdaors (Sgng) ae possble 1)
w :{\Ni;...;V\/Ml)M} and 2) W :{V\/{;...;V\/Ml)Mﬂ}. In the firg case the inequation
a- | +n><k0§O)<0 takes place. In the second case the term of inequdity is reversed.

The borders of “areas of development” are roots of equation:

R(y)° yx{R, (y)- axP:(y))° - aby)*(y)+(a- 1 )xy=0. 23

The number of podtive roots of equation (24) depends on choice of function
k(y) and onvaues{a:bin;1 } .

Let us sum up the results we obtained.

Each value y has a corresponding right line in the plane (u ) passing through
the coordinate origin (the tangent of angle of indination of this line is equd to y). The
dependence y(t) (formula (20)) describes the rotation of this straight line around the
coordingte origin in a dockwise diretion if y{t) diminishes and counter-clockwise if
y{t) gains in vaue The “evolution curve’ is described uniquely by formulas (20)-(22),
if the origina vaues U (t =0) F(t = 0) and parameters{a; bjn ;| } are assigned.

Thefactors accounting for the externd look of the “evolution curve':

1) The zeros of function R, (y)° (- aby)xk(y)+(a-1)xy determine the
gysem's “aea of deveopment”. The number of “conditions’ fitting a sngle

“potentid”, thet is, the vaue yz%, will increese if we have R, (y)>0 ad
will decresseif we have R, (y) <0.

2) The function P.(y)o bxk(y)- 1 rdaor (sgn of value of this function)
prescribes if the system “potentid” will grow (P.(y)>0) or diminish
(R.(y)<0).

3 The function PU(y)Onx@-l rdaor prescribes if the number of
y

“conditions” will grow (R, (y)>0) or diminish (R, (y) < 0).

12



All possble “options of devdopment” of the sysem thus may be divided into 6
groups depending on functions R, (y); R.(y); R(y) relaor. The dassfication of
“options of deveopment” designed on the badis of thisdivisoniscontained in Table. |.

Let usintroduce the following subsdiary functions (Fig.1-3):

1 I (a-1)xy
DF =—;2 K =—xy;3 =77
) FeM)=5 2 RO =0y Ry)=
1) Let us denote the positive roots of equation F-(y)=k(y) as y®:y?;...(there
isadways a least oneroot) (Fig.1). (25)

2) Let us denote the positive roots of equation F, (y)=k(y) as y®;y@;... (if
n <0, then the equation has no roats) (Fig.2). (26)

3) Let us denote the positive roots of equation F,(y)=k(y) as y®;y{:...

(Fig.3). (27)
@.,,2. . @) .\,(2). . @.,,02. . H : .

Vel s Ve s YoYU e Yy W s points split the multitude of permissble
O0<y<¥ vdues into aeas corresponding to one of the sysem’s possible “options of
development”. The development of the system takes place within one of the “aress of
development” (yY“);yS*l)). Theroots y&;y@;. . and y®;y(?;... appurtenant to “arees’
(yY(‘);y$‘+1)) divide in into sub-aress, where which sub-area is characterized by a certain
funion P.(y) and R, (y) reaors that is conforming to a spedific “option of
development” of the system.

The charts 4-6 illugtrate the described regularities usng a concrete example.

[11. External impacts as the reason of change in the system's
“area of development”.

The devdopment of the system described by evolution eguations does not
withdraw the system beyond the “area of devdopment” in which the sysem was a the
origind moment of time. L& us condder the trangtion of the sysem from one “aea of
development” to the other. Such trangtion is possble if the vdue y changes in discrete
deps ether for account of increase in number of “conditions’ or the abrupt decrease of
the system “potentid”. In both cases the system is affected by the “externd” impact
resulting in the change of “aea of devdopmet” of the sytem. The new “aed’ is
compliant with the new “type of evolution” and the new limit vaue y. One may
suppose that the change of “ area of development” is one of the methods of withdrawing
the systemfromcrisis,

For example, the crigs in company activities is overcome by: 1) cregtion of
additiond “conditions’ of devdopment (loans, credit, deferd of payments €c), 2)
reduction of sysem “potentid” (firing the workers, cut in volume of production, sde of
Some property, €tc.).

We may denote the shift of the system from “ared’ W to “ared’ W,
(W ® W,) “antirecessonary” if the following conditions are met:

13



1) The find “option of devdopment” in the new “aea’” W, is characterized by
the growth of vaues of “potentid” and “conditions’ (--- or - -); (28
2) y+¥ (Wk) > y+¥ (Vvl) (29)

Let us consder the issue of the extent of externd impact on the sysem. Let DU
and DF be asolute increments for the vdues U and F that are necessary for
trangtion to the new “area of development”. Let U, and F, bethevaduesof U and F
prior to the trangtion, W being the origind “area of devedopment”, W, being the “area
of devdopment” of the system &fter the shift. Let us consder the two ways of trangtion:
1) DU =0 é2) DF =0.

Let us consider for examplethecase - - - represented in Fig.7. Then W, © W .
1) In the fird way of trandtion the increment DF necessary for the shift to the
UO

new “ared’ isset by theinequation: DF > F, - ——2%—. (30)
Yoy (Wk)
2 In the second case (DF =0) the follow inequation must hold true
DU > Foxy.y (W, )- Uy, (31

If the increment of the number of “conditions’ is limited by some vdue
dU <F,xy (W, )- U,, then, to have the transition, it is necessary to decresse the

U, +du

“potentid” by vdue DF > F, -
)

(32

IV. Clasdfication of sysems on the basis of its “evolution
properties’.

Let us arange the roots of equations (25)-(27) (y&;y@i..; vy
y®:y@: ) in ascending order and number them. Let us denote as y(Akg), where
A(i)={Y;U;F}, i=123, ad the upper index is the new root number. Each sysem is
characterized by certain divison of set y >0 into subsets yg\kg) < y<y<;(2). Each such
subset conformsto a certain “ option of development”.

Then sequence of “options of development” characterizes the “evolution
properties’ of a system.

The sysems with amilar “evolution properties’ will be cdled one-type sysems.
Each type of sysems conforms to a certain method of decompostion of s y >0 into
Subsets y(Akg) <y< y(ATr)]).

To describe the method of decomposition it is sufficient to list the “ options of
development” of the system with ascending y .

For example, the case pictured in Fig.7 is desribed by the following st of
“options’: X — ;X — X 3 X— _ jX— ; X— ; X —.

14



In generd each system type has a corresponding ordered set of “options’. As far
as in the area O<y< yg)(n) the “potentid” diminishes only X - X —: X——
“options’ are possiblein this*area of development”.

Let us choose of al ordered sets composed of 6 possble “options’ (X ;
X —; X.—; X—_; X— X-__) those corresponding to the “evolution equations’.

It is not difficulty to see that dl the possble 6 “options of devdopment” can be
deduced from 3 badc “options’: X_._, X__-, X_— by time inverdon operaion. Let us
introduce the following designations for the basc “options’: 3° X , 2°X _,
1o X . Let us designate the operdion of time inverson by upper line X. The
following rdldionstekeplace 3° X—— =X 2° X =X _—:1°X =X .

Let us consider the smplest case:

1) We shdl consider that function k(y) is convex in the area of increment (if
k¢y) >0, then kdfy) < 0) and function k(y) hes only one maximum point. *)

2) Let dl the roots of equations F. (y) =k(y), R, (y)=k(y) ad R, (y)=k(y)
be different and the functions F,(y), F,(y) have no points of contact with function
k(y) (only points of intersection are observed). (**)

Having these assumptions is not difficult to lig dl types of sysems having one
and two “areas of development”. Let us consder the following dterndives:

1.1) Equation F(y)=k(y) has two roots (% >m). There are three areas of

termoongtancy  of fundion F(t) conforming to the “options of development’: X..-;
Xw_ 3 Xe—, (Fig.1);

1.2) Equation F(y)=k(y) has one root (%< m). There are two aress of term

congancy of function F(t) conforming to the “options of development”: X.—; Xu..
(Fig.1);

21) Equation F,(y)=k(y) hes no roots Function U(t) diminishes over the
whole area y > 0. Conseguently, thereis only one possbility - X.-. (Fig.2);

22) Equation R, (y)=k(y) hes one root. The sequence of “options of
development” isthefollowing: X, ., X.—. (Fig.2):

31) Equaion F,(y)=k(y) hes no roots Function Y(t) diminishes over the
whole area y > 0. Thereis only one “options of development” - X-,, (Fig.3);

3.2) Equation F, (y)=k(y) hasat least oneroot (Fig.3).

Le us condder the follow four posshilies (1.1 and 21), (1.1 and 2.2), (1.2
and 2.1), (L2 and 2.2):

(Llad 21) Xo—; X—_ ; Xi—, (A1)
(1.1 and 2.2) Three options are posshle:
é) X. __; X*—_ ; x___ ; X*__ L] (AlZé)
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b) X -1 X, X— 7 X—, (A12b)

A) X_.—5 X Xo=7 X, (A12c)
(L2and2.1) X,—; X— , (A21)
(1.2 and 2.2) Two options are possible:

J X3 Xemy X, (A223

b) X..—; X} X—_, (A22b)

1 Let equation F,(y)=k(y) has no roots Then there is only one “area of
devdlopment”. Only cases (A11), (A21) are possible:

A110. 32 3 (X—; X— ; X—);

A210. 3,2 (X—; X—.);

2. Let equetion F, (y) = k(y) has one root. Inthis case there are two “aress of
development”. Function y(t) increases into the first “ared’ but it decreases into the
second “ared’. Only seven types of sysems are possible;

Al1l 1737273 (X — ) X X} X—);

Al2a’2;1;°3° 2" 3;

Aln 2,312 3

Al 2,32, 13,

A21 1,32

A2a 2,132

A2h. 2,312

So dl sysems (with properties (*) and (**)) having one “aea of development”
are dvided into 2 types, while the sysems with two “aress of devdopment” are divided
into 7 types (Fig. 8.1— 8.9).

Classfication of sysems having other number of “areas of development” can be
considered andogoudly.

V. Thesysemscomprising several subsystems.

So far we have conddered paticular sysems as one whole. But as a rule any
sysem is an agglomeration of a number of interacting subsysems. The number of
bsygems forming the sysem and the mode of ther interaction condition the
«structure» of the system.

Let us condder sysem comprisng severd subsysems Let F and U,
i=12,..N be the “potentid” and “conditions’” of subsysems, F and U be the
“potentid” and “conditions’ of the compaosite sysem.

Let us cdl the sysems to be «identical» if they meet the three following
conditions

1) Thefunction k(U ,F) for dl sysemsisthe same.

2) Theparameters a,b,n,| of the sysemsareidentica.

3 The initid conditions for al sysems ae identical.

(F,(0)=F,(0)=...=F(0), U,(0) =U,(0) =...=U  (0)).
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The sygems medting conditions 1) and 2) only will be desgnated as «similar»
systems.

To dexribe in mahemdicd terms the operation of integration of severd
«identical» systemsin one, let us assume the following:

Statement 7. The value of «potential» («conditions») in the system comprising
several «identical» subsystems is equal to the sum of values of «potentials»

N N
(«conditions») of these subsystems: F=§ F,,U =g U, . (H)
i=1 i=1

The assumption (H) is the smplest and mogt naturd mahematica formula of
the logicd ratio «to consst of ...» The assumption (H) is correct only for the
«identical» sysems and, as we can see further, it must be specified in case of «amilar
non-identical» systems.

The «evolution eguations» express the universd peculiaities of systems
devdlopment. They must be correct for any sysems spontaneoudy aisng in nature and
in the society. Therefore the «evolution equaions» must be executed both for the
system being considered and its components-subsystems. However, due to non-inearity
of «evolution equations», the «potential» and «conditions» of the composite system can
be not equal to the sum of respective values of the «subsystems».

Let us condder the sysem comprisng two “Smila” subsysems Let F, U,
and F,, U, ae the vaues of “potentid” and “conditions of redization” in subsystems
ad leg F, U ae the vdues of “potentid” and “conditions of redizaion” in the
composite system:

R =axbxk(U,,R)- 1)xF; 0]

Uy =nxk(Uy R )xF - 13U,

F, =aXbX(U,,F,)- 1)xF,; (n
U2 = nxk(Uz,F2)>4:2 - I U21

F=AXBxK(U,F)- 1)¥F; (1)
U=GX(U,F)-LU

where A,B,GL ae paameers of composte sysem and K(U ,F) is “redization ratio”
in this system.

We dhdl prove the following:

1°. Fundtions K(U,F) and k(U ,F) areidentical.

2°. The paamees A,B,GL of the composte sysem ae equd to the
respective parameters of a,b,n,| of the subsystems.

The substantiation:

1°. Le the «potentids» and «conditions» of the subsystems are equd a the
iniid moment: F,(0) = F,(0) = £(0) & U,(0)=U,(0) =u(0). Then they will be equa
withany other t >0: F,(t) = F, (t)° f(t), U (t)=U,(t)° u(t).

In this case the “gmila” sysgems ae «identica», and the assumption (H) hdds
true.  Inthiscase both ssts of equations(l) and (11) are reduced to the following sets
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f =axpox(u, f)- 1)xf, (33
a=nxk(u, f)xf - | »u. (34)
With regard for the property of homogeneity (G) of function k(U,F) we may
reproduce the following chain of equdities
(R) (R) (R) (R) (R) (R)
F F _F :F1+F2:F1 tRY_FR )
KU,F) K(2u2f) K(u,f) ku,f)  k(uf)
Statement 1° follows from (35).
K(u, f)=k(u, f). (36)

2°. Subdituting U =U,+U,=2x1 ad F=F +F =2xf in (Ill) ad
keeping (36) in mind we derive:

f = A{BxXK(2u,2f)- 1)xf = A{Bx(u, f)- 1)xf ; @7
U=GxK(2u,2f)xf - Lu=Gxk(u,f)xf - L xu. (39)
Comparing (37)-(38) and (33)-(34) we derive thefallowing:

A=a,B=b,G=n,L =I. (39

As fa as sas of equations (I)—(I11) mug hold true for any choice of initid
conditions, the equdities (36) and (39) ae correct as wdl for the case of «3amilar»
«non-identical» systems Usng the induction, this argument may gpply as wel to the
Stuation of arbitrary number of «amilar» systems.

Findly we come to the following important results:

1) The parameters of the system comprising the arbitrary number of «similar»
subsystems are equal to the corresponding parameters of the subsystems 2) The
function of «realisation ratio» of such composite system is congruent with the function
of «realisation ratio» of the subsystems.

Let us condder the case of two “Smilar norvidenticd” sysems. The composte
system is described by the follow set of equations:

F=axbx(U,F)- 1)< (40)
U=nxU,F)xF-1 %
If F=F +F, ad U =U, +U,, then the following corrdaion must hold true:

F F

kiU,F)= I (U, ,F )+ 2__ (U, ,F,). 41

UF)= g UL R) 24U o) (1

Let usintroduce variables y°£=&, y1°$, yZO&. 4
F F+F, F F,

Let y, >y, . Let usintroduce the following denotation:

Yo- ¥ — Fl 0 a; (43)
Y- 1 R t+F
It isnot difficulty to see that:
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Y-y _ K

=1-a; (44)
Y- FRtFR

y:aXY1+(l' a)xyz' 45

In these desgndions the corrdation (41) is congruent with the condition of
function k(U ,F) lineerity:

k(a Xy, + (1' a)XY2) =a ><k()’l)"’ (1' a)><k(y2). (46)

However function k(y) is not the linear function and therefore:

F1R+FadUt U, +U,.

Let F=F, +F, +Fpad U =U,; +U, +U,,, S
where F, and U, ae the addtiond items introduced with the purpose to ensure
compatibility of the three sats of equations (1), (I1) and (40). They may be regarded as
the terms describing the «interaction» of subsystems within the compodite sysem It is
remarkable that the composite system has some additional opportunities of devel opment
connected with the interaction of its subsystems. The avalability of these new
posshilities of devdopment is expressed mahemdicdly by introduction of additiond
summends F, ad U,,. The contribution of these summands in the “potentid”
(“conditions’) vaue may be interpreted as the impact of the system’s «dructure» on its
“potentid” (“conditions’). So let us cdl them the “dructurd summands (or “structurd
terms)”.

The “gructurd terms’ comply with the following equations:

U, =n><(Fl+F2)>6(y,y1,y2)+n>4<(y)xF12 -1 g, (48
Fp =ab ’(Fl + Fz) ’6(yaY1’Y2) + a’(bk()’) - 1) XFy5, 49
Sy v1.¥5) =k(y)- axk(y;)- (L- a)x(y,). (50)

Let us cdl the expression (50) as S-factor (structurd factor). If |y, - y;|® O,
then inequation Sy, y;,y,) >0 is the condition of convexity of function k(y) in point
y: k@fy)<0. Let inequation k®y)1 O take place in the whole area y, £y £y,
(function k(y) hes no points of inflection). If Hy,y;,v,)>0 (Sy,y1,y,)<0), then
function k(y) is convex (concave) in this area,

Let @& some moment of time t, a new composte sysem emerge as a result of
integration of two “gmila” sysems Prior to this moment the “interaction” between the
systems was absent and therefore F,(t)=0 and U,,(t)=0 duing t£t,. Due to
continity of functions F,(t) and Uy, (t) we may neglect the “structurdl terms’ F, and
Uy, in the right pat of the formulas (48)-(49) when conddering the iniid Stage of

formation of the new system. For tha reason the change of “dructurd terms’ a the first
dage of formation of composte sysems is determined only by the S-factor. Therefore if

function k(y) is convex axd n>0 then the result of the sysem integration will be
represented by growth of “potentid” and “conditions’. As can be seem from Fig.1, the

function k(y) is convex only within the limited area of vaues Hence an important
condlusion:
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The unification of several systemsin one results in the growth of “ potential” and
“conditions’ only when the number of “ conditions’ matching a single “ potential” is
not too small, however, not exceeding some certain value.

The growth of “potentid” of the compodte sysem means that vadue of
“potentid” depends on the dructure of sysem. This growth is the result of agpplication
of universd evolution principles to desription of evolution of the compodte system.
Exigence of the dructure means exisence organization (order) in the composte system.
Just organization of dmple sysems in one composte system transforms disordered set
of sysems into the new system Consequently unification of severd systems in one is
not forma procedure. The universa principles of evolution can work if only the process
of unification of some sydems in one reaults in cregtion of some dructure in the
compodte sysem. Consequently sdf-organization of the sysem can be undersood as
the result of exigence of two facts 1) universal principles of evolution, 2) unification of
vmMe sysgems in one. Extensve literature devoted to this item exids (see, for example
survey in paper [1]).

If we condder particular persons as systems, then one of the principa indicators
showing the number of “conditions’ per one “potentid” is the income per capita in a
family. The fidd within which the unification of sysems results in the growth of
“potentid” may be characterized, usng this indicator, as “dably low and medium
income’. It is well known that people with “low and medium income’ are more sociable
and ae more inclined to get together in groups, unions dubs paties ec., while the
sections of populaion behind the line of poverty — tramps, beggars — or, on the contrary,
those having high and super-high income, trend to kegp doof: the firg group in ther
dums, the second group in their pdaces Ancther example is peopl€s rdlying during
the hard periods of their life during the crises wars and naiurd cdamities And on the
contrary, they show driving to independence and sdf-sufficiency in the safe periods of
prospering and wel-being.

VI. Concluson.

The method of description of system dynamics offered here has its advantages
and disadvantages.

The advantages indude the very posshility of meahematicad description of the
system evolution process as a process of redization of its* potentid”.

Many authors (for example, [9], [3] and etc.) mark the exisence of universa
principles of evolution of sysems. We think that laws of evolution described by means
of terms“potentid” and “conditions’ are just such universd principles.

In conduson we would like to voice some condderaions of philosophicd
character. One might think that the suggested approach will not have any practica vaue
due to the abstract character of the terms used. One may aso have some doubt as to the
objective exigence of the characteristic festures underlying this gpproach. Does the
subgtance that we cdl the “potentid” and the “conditions’ redly exig? Can we dtach
the objective meaning to the logica dructure exiging only in our imagination? We are
digposed to treat these quedtions in the postive manner. The reason is as follows
Andyzing the higory of devdopment of different sysems we, when trying to give a
proper account of what is taking place, use the abdract terms, like “system potentid”,
“development criss’, “progress’, “regress’, etc. Our thinking in this Stuaion proceeds
within some logical sructure, within a certain sysem of categories by which we
perceive and lean the exiding redity as something comprehensble and sensble The
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vay fact tha we comprehend this way and not the other way, using the sdected
concepts contrary to some other ones, just means that a certain Redity lies behind these
notions, thet there exits some inter-reaiond structure that may be reveded only a the
level of such abstract terms. And this Reality is functional, in the sense that dl systems
emerging spontaneoudy in the naturd environment and in the society evolve according
to the laws inherent in this Redity. We oursdves are the same evolving sysems, and
laws of this Redlity are redized through us as well setting the logical structure of the
way of thinking specific for us. It is for that reason that the description of what is taking
place in tems of this logicd dructure is perceved by us as the explandion.
(Underdanding of thinking (and its logicd dtructure) as a result of evolution process is
contained inwork [6]).

There are some levels of the Redity. The firs leve is what is accessble to our
organs of sense. The second level is made accessible to us by using certain gppliances.
The third levd is the plane of abdract dructures, which we access by way of thinking.
This third leve is as red as the other two. The Redity of the third levd exigs and
functions, though lying beyond the zone of our sensud perception.

Where is the wegk point of our gpproach? This is the absence of methods of
corrdaion of abdract terms with the data being regisrated. Obvioudy, such methods
must exis. We mug find the procedur es reducing the information about the system to
two abdract parameters. However, this is subject for another labor-intensve work
which yet ahead.
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